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Concerning the Invariant Theory of Involutions of Conies. 

By Wayne Sensenig. 



§ 1. Inteodtjction. 
The complete system of invariants of a single conic 

consists of four members: f=al, L = al, B — a\, and u x . The complete system 
of invariants of two conies consists of twenty forms and this was derived first 
by Gordan and was first published in Clebsch's " Vorlesungen fiber Geometrie."* 
H. F. Baker derived the complete system for three, and incidentally two, 
conics.f Ciamberlini has published a determination of a complete system for 
three conies. X 

The object of this paper is to derive and reduce in terms of the system 
of two conies o|, h\ the complete simultaneous system of the involution 
K=al-\-hbl and the harmonic conic F= (a^x) 2 . The complete system of K and 
F is expressed in terms of the complete system of the two base conies /=a| and 
g=bl, which determine the configuration. 

In Bochers " Introduction to Higher Algebra," p. 164, it is shown that if 
two conies /, g intersect in four distinct points there exists a (non-singular) 
collineation which will reduce / and g simultaneously into the normal forms 
given below. Note that the equalities hold only by virtue of the equations of 
the collineation : 

al=ax\+bx\+cxl, ll=px\+qxl+rx\. (1) 

In Table I, I give the well-known symbolical forms of the system of / and g, and 
also the normal system which I have computed from these symbolical forms by 
particularizing the coefficients of / and g, respectively, according to the follow- 
ing scheme: __ _ ft _■, 

&uo == &ioi := ^oii ::= 0> fr 20 o = ;P, bm = Qt v<m = r - 
Throughout the paper we have used the algorism for ternary transvection 
given by O. E. Glenn in the Transactions of the American Mathematical Society, 

*Cf. Osgood, American' Journal of Mathematics, Vol. XIV (1892), p. 262, "System of two 
Simultaneous Ternary Quadratic Forms." 

^Cambridge Philosophical Transactions, Vol. XV (1889-93), p. 62. 
%Qiomale di Matematiche, Vol. XXIV (1885-86), p. 141. 
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Vol. XVII (1916).* This algorism is analytical but it will suffice here to 
describe the transvectant t of index ( l A) of the two forms 

$=Aa lx a 2x a rx a lu a m , ^=Bb lx b p JS u (3 qu , 

where A and B are constants, as AB/n times the sum of all terms gotten by 
forming in the product $4>, in all possible (fi) ways, i convolutions of the type 
Qihi 3 °f type (a&u), h of the type a 16l , and I of type (a^a?). Then t is 
abbreviated as 

In deriving the system of K and F we have evaluated each member as a 
transvectant and then reduced each form to a rational integral function of the 
members of the fundamental system of a\ and b\ , expressing each one in the 
form of a polynomial in h. These reductions were performed by means of 
the following fundamental ternary identities, and their modifications : 

(abc) d x — (abd) c x -\- (acd) b x — (bed) a x =0, 

„. b„ 



(abu) (a(3x) = 



a* 



u a 



u R 



u x 



(2) 



The result for each case was then checked by direct verification, for the system 
of normal forms given in Table I. Table II contains the summary of the results 
of the reductions for all twenty concomitants in the system for K and F. 

In Table III of the paper we give the fundamental system of the involution 
al+kbl taken with a third general conic c\. All concomitants in this system 
are expressed as rational integral functions of certain forms of the system for 
three conies as given by Baker ; in fact in terms of the sixty-one forms of this 
system which are the simplest and therefore the most important in geometrical 
applications. This set of sixty-one concomitants is given below : 

f=a\, g=b\, ® 2 =(acu) 2 , <t 1 =(bcu) 2 , C 12 =(acu)a x c x , C n = {bcu)b x c Xf 
C 1 =a x b x (abu), A 1 =a y , A*=b y , A s =c\, A i =c% i C 21 =a y a x y u , 
C 2i =b y b x y u , C 2S = c a c x a u , C 2i =c p c x ^ tt , C i2 =(ayx)a a y a , C a =(pyx)(3 u y u , 
F 2 =(ayx) 2 , F 1 =((Jyx) 2 , C &1 = c a c x y u (ayx), C b2 =c p c x y u (^yx), 
C sa =a y fl, x a u (ayx) , L"-=yt, C 61 = a y c x y„(acu), C 62 =b y c x y„(bcu) , 
C e3 =a x c a a 1l (acu), C 6i =b x c$ u {bcu), G 1 =a y c a a x c x (ayx), G 2 =b y c p b x c x (Pyx) ? 
r 2 =a y c a u a u y (acu), r 1 =b y c e u p u y (bcu), J=u x , M={abc) (abu)c x , 
N =(abc)\ 1 =a y b x y n (abu), 2 =a x b y y u (abu), O a =b x c a a u (bcu), 
Oi =a x c l3 p u (acu), P=a y a x b y b x , Qi=a y b x c x y u (abc), Q 2 =a x b y c x y u (abc), 



* Cf. Glenn, "Theory of Invariants" (Boston, Ginn & Co., 1915), p. 227. 
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R 1 = (a'bc) (acu) (abu) a' x , R 2 =(ab'c) (bcu) (abu)b' x , /S' 1 =& c (&c«), 
#2 =a p c p {acu), S s = a y b y {abu), T 1 = b x b y a u (ayx) , T 2 =bJ> a y u (ovyx), 
T 3 =a y a x p u (Py%), T i =a fi a,u y (fiyx) t T 5 =b y b x (3 u (pyx), U 1 =b a b y (ayx), 
U 2 = af,a y (Pyx), V=a x b x c x (abc), W=a y b y c x (abc), X 1 =b y c a b x c x (ayx), 
X 2 =a y c p a x c x ((3yx), T=(acu)(abu)(bcu), Z 1 =b y c a u a n y (bcu), Z 2 =a y c p u p u y (acu); 

where those preceding J are concomitants of two conies and those following 
J, of three conies. 

TABLE I. 
Normal System of Two Conies. 

1. f =al=a'*=a' x ' 2 =ete.=axl+bxl+cxa. 

2. g = b x .=b' 2 =b': 2 =etc.=px 2 +qx 2 + rx 2 s . 

3. D =a 2 a =6abc. 

4. D' =b}=6pqr. 

5. L =al—2{bcu\+acu\-\-abul). 

6. L' =Pl = 2{qru\-\-pru\+pqu\). 

7. <£ =(al,bl)%=(abu) 2 =(br+cq)ut+(ar+cp)ut+(aq+bp)ul 

8. C 1 ={al,bl)l={abu)ajb x 

= (aq—bp)x 1 x 2 u 3 + (cp—ar)x 1 x 3 u 2 + (br—cq)x 2 x 3 u 1 . 

9. A m =(al,(3l)$=al=2(aqr+bpr+cpq). 

10. C 2 = {al,fil)2=a li a x (i u =2(aqrx 1 u 1 +bprx 2 u 2 +cpqx 3 u 3 ). 

11. C 3 = (<4, b 2 x )'§=a b a u b x =2(bcpx 1 u 1 +acqx 2 u 2 +abrx 3 u 8 ). 

12. A U2 =(al, bl)f =a.l = 2{bcp+acq+abr). 

13. C, =(a*,Pl)%=(apx)a u P. 

=4 : [cr(bp—aq)u 1 <u 2 x 3 -\-bq(ar—cp)u 1 u 3 x 2 + ap(cq—br)u i u 3 x 1 ]. 

14. F ={al,Pl)™=(aPxy 

=±[ap(br + cq)x\+bq(ar-\-cp)x\+cr{bp + aq)x 2 3 \. 

15. C & ={al,bipi)«>=a b (apx)b x p a 

=4:[aqr(br—cq)x 2 x 3 u 1 +bpr(cp—ar)x 1 x s u 2 +cpq(aq—bp)x 1 x 2 u 3 ]. 

16. C 6 ={al,bl^l)^=a p {abu)b x ^ u 

= 2[p 2 (cq—br)u 2 u s x 1 + q 2 (ar—cp)u 1 u 3 x 2 +r 2 (bp—aq)u 1 u 2 x 3 ]. 

17. C 7 =(a\al,b x )%=a b {abu)a x a il 

= 2[a 2 (cq—br)u 2 u s x 1 +b 2 (ar—cp)u 1 u s x 2 +c 2 (bp—aq)u 1 u 2 x a ], 

18. C 8 =(a 2 x al, (31)11= a (a^x)a x a u 

=4 : [abr(aq—bp)x 1 x 2 M 3 +acq(cp--ar)x 1 x 3 u 2 + bcp(br—cq)x 2 x 3 u 1 ]. 

19. G =(fL,gL')\l=a p a b (a^x)a x b x 

=4:[a 2 qr(br—cq) +b 2 pr(cp—ar) +c 2 pq(aq—bp)]x 1 x 2 x 3 . 

20. T =(fL,gL')\l=a li a b (abu)a it (3 u 

=4=[p 2 bc(cq—br) +q 2 ac(ar—cp) +r 2 ab(bp—aq)]u 1 u 2 u 3 . 
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§ 2. Reduction op the System of K and F. 

The complete system of K and F is obtained by forming and reducing the 
transvectants of K and F which correspond respectively to the transvectants 
of /, g required to produce the system of /, g (cf. Table I). Thus a member 
of the system of/, g is <£=(/, #)o 2 . Hence the corresponding form of the 
required system is 



V=(K,F) 



I have not included in this paper all of the reductions which were necessary 
to produce Table II; but only typical ones. The most complicated cases of all 
were C' S) G', and I". We add that the reductions for 3, 4, 5, 6 in Table II had 
been given previously.* 

The Form <£'. 

^'=(K^=(alj^blA^)l)^=(alAam)^+HKA^)l)^ 
= (aa(3uy+k(ba(3u) 2 = (a a u fi —apU a y+k(b a u p —b p u a ) 2 

= aWp+ a>l u l— 2a a a p u a u p + k ( &|w|+ b%u 2 a — 2b a b p u a u p ) 
=DL'+A 122 L — 2(aa'a") {a'a"u)a p u p 

+k[D'L+A 112 L'—2(bb'b")(b'b"u)b a u a ] 
=DL'+A m L-%DL'+k[D>L+A m L'-$D'L] 
=iDL'+A m L+k[iD'L+A m L']. 

The Form C' z . 

C' 3 = (al+2k(abuy+k 2 Pl, (y8)l)? , where a=y and £=S, 
= (oS, (yS)l)%+2k[(ab)l, (yS)l]? +k*Wl, (y5)X 
= (ayS)a u (y8x) + 2k(abyo) (abu) (ySx) + k\Pyh')p u (yhx). 

1. (ay8)a u (yBx)=i(ayS) \{yhx)a u — (ahx)y u \ =i(ayS) \.{ayh)x u —{ayx)h u \ 
=i(ayo~yx u —i(ay$) (ayx)S u . 

( ay 5)(a y a;)^=(a^^ v 5)(aa^ v a ; )S M =(<''a^-.ar<0(a^ v -«a V <')^ 

= [(a'aV0(6W v )-(aV'a lv )(6'J"a''')][(fl'fl'V'')a7-(aV'o IT K'']^ 

= [ (a'a"a'") 2 <a7— (a'a"a'") (a'a"fl IV )o^X" 

+ (a'a"a lv ya^a'J'-(a'a"a'") (a'a"a IV )a'^'al y ]8 u 
=d • ay a yp-iD • a y a yp tt +D • a'j'a'J'P.-W • ay a ?p M =iDC t . 

. . (uyS) (y$x)a % =lDA m u.—iDC i i since (ayhy=iDA 122 ,(Py8)*=$D'A m . 

♦"Algebra of Invariants," by Grace and Young, p. 293, Cambridge University Press, 1903. 



Seksbnig : Concerning the Invariant Theory of Involutions of Conies. 115 

2. (abyh) (abu) (y&c) = (a y b s — a s b y ) (abu) (a(3$) =a a b p (abu) (a(i$) 

—a p b a (abu) (afix) =a a b p (abu) (afix) — k 3 
=%DD'u x —k 3 , since a a b p (abu) (ab'b"x) =a a b^(abu) [bab' x —b' a b x ] 
=aXhK(abu) —ajb'jbtf (abu) = (aa'a") (a'a"b")a im b P K 
-(aa'a") (a'a"b')a Cbu >b b x , =iD(b"bu) (bb'b")b' x 
—^D(b'bu) (bb'b")b' x '=iD(bb"u) (bb"b')b' x +iD(bb'u) (bb'b")K 
=$DD'u x +iDD'u x =$DD'u x . 

3. (Pyt)(y%x)P u =lW) i(y^)^ n + (/VO«J =*W) [(/$*)&+ (^yx)S u ] 

i (W) (Pte)r«=t («'«W) (6'6"^)a tt =i(a^o^-o^)(^6;'-6^)a« 

=2a^'^6X=2(6'6"'6 tv )(&'"6 I V)6' (M , a „ ) 6; , a tt =fD'(a^"o")^'a u 
. • . (£yS) (y&£)&=f DM 112 %-f D'C S . fc 3 =a /8 6 (t (a& M ) (apx) =$DD'u x 

+ UI1I2C2 -4 U2-^122**» + -<* 122^8 • 

, • . C 3 =^DA 12S u x —iDC 2 +2k\^DD'u x —A in C 2 +A m A m u x —A 122 C i \ 

Tfte Form C 7 . 



C' 7 = j (a|+M|) (a 2 „+2i(a&)S+^), (a^)%\^= \a\a\ , (a'0) 



2 (01 

2(10 



+ 2k\al(a'"b)l, (aP)l\ll+k*\alPl, (*P')l\<$>+k\bla\, (a'0)«}8 
+ 2& 2 f&°(a&'")!, («P)l\%+k*\bl(3l, (ap')Utl. 
\a\al, (a'@)l\% - (aa'/?) (aa' (3u) a x a tt = (aa^g) ja^— a ,/?4a x a M 
= - {aa'p)a a ,p u a x a n =- (aa''W v )(a'"a IV /£) a x a^ u 
= -iD(paa>)a„p n =lDC i . 
\al(a'"b)l,(aP)l\°l = (a"'bap)(aZpu)a x (a'"bu) 
= (a'a'bp—ap'b a ) (a a u —a a ^ v )a x (a'"bu)=—a'p'b a a a. v a 3 .(a'"bu) 
+ap'b a a a (3 tt a x (a'"bu) (Terms containing a'i'b vanish.) 
= (-A m C 7 +Ui^G i —iDC 6 ) +iDC a =iA uz C i -A 12i C J . 
For, a'p'a fi a x b a a u (a'"bu) — a'P • a x b a a u (abu) 
=a'p'a x b a a u \ (a'"bu) a p — (abu) d \ =a'p'a x b a a u [ (aa'"b)u fi — (aa'"u) b p ] 
=^b a a u u p (aa'"b) [a x a'^'-a e a' x "] — (bb'b") (b'b"a'")b a a x a a (aa'"u) 
=ib a a u u /} a b (a%{3) —iD' (a"'a'a") (a'a"u) a'{ u ' a) a x =iu b a v a b a ixfi) u p . 
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But, a b a u a b a ixP) Up— a\ • a u u e (a%P)=a, b a. u u e [(a, x (3)a b —(axp)a b ] 
^a b a u u e [(aax)b e — (aa(3)b x ]^(bb'b' f )(b'b''u)a b a u (a,ax)— a, b a u u e (aa^)b x 
= — a. b a u u p b x [a'pai— a' e ai'] ■ — a a ,>a b a'^ a0 a'pb x u p — a. a ia. b a\ a , lu) b x u p a'l 
=$D (bua') a'pbxitp—^D (ba"u) b x a'pU fi =^D (abu) a p b x u e =^DC 6 . 
. • . a'p'a p a x b a a u (a'"bu) =A 12i C 7 — : kA m C i +iDCe • 

=a f) ,a u a x p u \ V^-V.K j -iD{^^x)^^{b''b'%^){b'''b^a)b'^a u a x K 
- (&'&'"6 IV ) (6"'6 Iv a) b[ b „ u) a u aX-0 = -%D'C 7 . 

4. \bW u , (o'0)«fg = (aa'/3) (bo7jSu)b x a u = (aa'(2) {b^-a^b^ 

= b(,a' u b x a u (aa'/3)— b a ,fi u b x a u (aa'/3) = — b a ,P u b x a u \ c£,a£ —aX' \—$DC s . 

5. {6:(a6 w )S, (<tf)l\% = (aP Ji aP) (b^u)b x (ab'"u) 

= (aJ>T—aW) (b l} * u -b a p u )b x (ab'"u) =O-O-a b': f b a u b x (ab'"n) 

+a e b , :'b a 8X(ab'"u)* = -iD'C 7 +[A 112 C 6 -iA in C i +iD'C 7 \ 
=A 112 C 6 —iA 122 C i ; * similar to 2. 

6. |5«#, (aj3')i!3 = W) (bZp>u)bf u = ibW-bW) (bpa.-b a p' u )b l u 

**=(&"6'"6 IT )(6'"6 IV &)&' ( ; 60 &;6 :c a M =iD'(fe W &')&:M M 

=tD'P':'a u (P'"ax) = -lD'C i . 
Also, b'tKbpaJbJ}^** by &'~6", and -&;&^M.= W' W-&=0. 
Hence {6"^, (a/S')2!S=— i^- 

+fc»(_i2)'0 4 ). 

T/ie Form <3'. 

=3a 2 a|[(a 2 aUa7W; 2 )n+^^ 

+ A;(&X,(a^) 2 ^; 2 )iH2fc 2 (^(a&''0l,(a / 3)^; 2 )i?+A ; 3 (&^ 2 ,(a i 8')^' 2 )l?] 
+3&|6 2 a [(aM,(a^)X' 2 )J?+2A ; (a 2 (a'"6) 2 ,(a / 8)|a; 2 )l? 

+A 2 (aI/3 2 , (a/?')?°C)l!+M«, (a^OW^ 2 ^'")!, (a/3) 2 a ; 2 )l! 
+F(6!/3 2 , (a/3')Ia; 2 )l?]-2a 2 &|[(a!a 2 , (a'/3)I(a v fe) 2 )J? 
+2*(a«(a'"6)«, (*P)l(<FV")in+V(«iPl> (a/3')!(a'"&) 2 )?? 
+*(W«i, (a^) 2 (a6"') 2 )l»+2^(6|(a&'") 2 , (a/3)M«'"& IV )^)i? 

+tf(biPl(aP')UabV)l)ll-\. 
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=3alal[a„(aa'P) (ap'x)a x (a'px) + 2ka fil (aFbaP) (cTbP'x)a x (aPx) 
+k 2 a p „(paP') (Pp"x)a x (aP'x) + kb e ,(aa'p) (ap'x)b x (a'Px) 
+ 2k 2 b ,(ab'"aP) (ab"'(3'x)b x (a(3x) + k 3 b pil (paP') (pp"x)b x (ap'x) ] 
+3b 2 f,bl[a a „ (aa'(3) (aa"x)a x (a'px) + 2ka a ,(a'"b*p) (a'"ba.'x)a x (apx) 
+ k 2 a a ,(pap') ((3a'x)a x (a(3'x) +kb a „(aa'p) (a«."x)b x (a'(3x) 
-\-2k 2 b a ,(ab'"ap) (ab'"a'x)b x (*Px) +k s b a ,(P<xP') (pa'x)b x (ot.P'x)] 
— 2albl[(aa v b) (aa'P) (aa y bx) a x (a.' (3x) 

+2k(aa iy b'") (a'"baP) (a"'bcFb^'x)a x (aPx) 
+k 2 (aa'"b) (Pap') (Pa'"bx)a x (aP'x) +k(bab'")(<xa'p)(aab'"x)b x («,'px) 
+ 2k 2 (ba'"b iy ) (ab^'ap) (aP'arb^x)b x (apx) 

+ k 3 (bab y ) (pap) (pab v x)b x (ap'x)]. 
=3D A 122 [0 + 2k(-A in G) +k 2 (-%D'G) +k(0) +2k 2 (0) +& s (0)] 
+3D'A m {0+2k(0)+k 2 (0)+k(iDG)+2k 2 (A m G)+k 3 (0)] 
-2DD'[-iDG+2k(-iA m G)+k*(0)+k(0) 

+2k*tiA m G)+k%iD'G)]. (3) 
Collecting terms, 

G'= \$D 2 D'+k(4:DD'A n2 — 6DA 2 m ) +k 2 (6D'A 2 ni —4:DD'A 12i )—$DD' 2 >k 3 \G. 

The calculations are shown below : 

1. a ,(aa'P) (aP'x)a x (a'px) =ia e .a x (aa'P) [ (aP'x) a' 0x) — (a'P'x)a (fSx) ] 

^ia fil a x (aa'P) (aa'x) (p'px) =\a x (aa'x) (PP'x) [ (aa'P)P' a -(aa'P')P a ] 
^ia x (aa'a;) (PP'x) [ (a'pP')a a - (a/?/?') a a ,] =0. 

2. b fi ,(aa'P) (aP'x)b x (a'px) = (bb'"b iv ) (b'"b iy 7a)b x (aa'P)(a.'-px) 

=iD' (xax) , etc. =0. 

3. a a ,.(aa'P) (aa"x)a x (a'Px) = (aa v a vl ) (a v a vl xa)a x , etc. =0. 

4. b a .,(aa'P) (aa"x)b x (a'Px) =b a „(aa'P) \a' a „a' x '—a' x a';„\b x (a'px) 

= b a , l (aa'p)a' a , l a' x 'b x (a'Px)-b a „(aa'P)a'X„b x (a'Px) 

= (a'a y a yl )(a y a yi b) [a'^—a'^a'JbAa'px) 

- (a"a y a yl ) (a y a yi b)[a' al a'^-a' p a':,]a' x b x (a'Px) =iDb al a'^a' x 'b x (a'Px) 
-IDbpa'^b^a'px) -iDb p a' a ,a' x b x (c^Px) +iDb a ,a' p a' x b x (a'Px) 

=lDb a ,a'^a' x 'b x (a'Px) —%D(bb'b") (b'b"xa')b x a'Ja':,=iDG—0. 
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5. (aa v b) (aa'j3) {a.a v bx)a x (a'fix) 

= \a' a ,a' '— a'pa'a,\ (affix) \alb a —alb x \a x (aa y b) =a' a ,a' p 'a x 'b a (a'fix)a x (aa y b) 
—a' al a' p 'a v b x (a' fix) a x (aa v b ) —a' fi a'a,a x b a ( affix) a x (aa v b ) 
+ a' p a'a,alb z (a'fix)a x (aa y b) 
=0— (a'a'"a lv ) Wa^fx^a'^^b^aaTb) — 

+ (ara'"a lv ) (a'"a iv fix)a' ( ; a r al) a' p b x a x (aa y b) 
= —$D(pxa"a v )a';b x a x (aa v b)+iD(pxa v a')a'pb x a x (aa y b) 
= —%B(a'fial—a"al)a'lb x a x (aa v b) +£# (a v a x — a y a' fi ) a' p b x a x (aa v b) 
=iDa x a x a'paJb x (aa v b)+iDa}a' x a' b x a x (aa v b) 
=lDa"a'pb x {aa?b) \a x al—apaZ\+%Da' x a'f}b x (aa w b) \a}a x —ala p \ 
=$Da' x 'a' i ;b x b a (axP)-iDaW l3 b x b a (aPx)=-$DG-$DG=-iDG. 

6. (bab'")(aa'fi)(aab ;: ''x)b x (a'8x) 

= («-aX') (*'#*) («X'-«X')M&a&'") 

= a>X&r(a'^)6,(6a6''')-0-aX'oX'(a'/3y6 x (&o6''')+0 

=2a;,oVa x &a' (a'/3a;)& x (6rt6'")=2(o'a , "a lv Xo'"a Iv ^K( a » 6 »o a ^A(&«&'") 
= §Z> (fixa"b'") a';a x b x (bab'") = \T) \ a'jb'J'-a'Jb'e" \ a 'a x b x (bab'") 
==-|I)a;'6^aA(6o&''0 = -*O(&'''6'6'0(&'6''o'06'(i'.)O"o,6,=0. 

7. apioT^bap) (a^bfi'x)a x (afix) =a p ,a x {a':'b -a';'b a ) (a';'b x -aTb e ,) (afix) 

=a pi a x (apx)[a:'bja e n x -a:'b p a7b^ae"b a a p \'b x ^ 
= {a'"a'a") (a'a"fix)a',;;a' l) a x b l3 b x —(a'"a , a") (a'a"fix)a' x 'b b ,a ,a x 
-a'^b a a^b x a ,a x (afix) + (W"b lv ) (b"'b lv a)bX"a' e "a x (afix) 
= iD(fixfi')a ,a x b fi b x —O-A m G+^D'(aa'a")(a'a"fix)a x a' x "a^ = -A li3 G. 



8. b p ,(ab'"afi) (ab'"fi'x)b x (afix) = (bb'"b IV ) (b'"b iv xab'")b x , etc. = 0. 

9. a a ,(aTba.fi) (arba.'x)a x (a.fix) = (aa'"a iV ) (a'"a u xfi)a x {fiafi') (afi'x) 

=$D(xfix), etc. = 0. 

10. 6 a ,(aF'a|3) (ab^'a'x^^afix) = b a ,b x a e K'a x K,' (afix) 

= b':,'b x a p a x (afix) (bb'"a'a) = ia x b x a (bb"'a'a)[(a.fix)a' b ,.,-(a'fix)a b ,, l ] 
^ia x b x a fi (bb'"a.'a)[(afia')b x "—(axa')b '] =0. 
. • . MoP'a/3) (ab^a'x)b x (dfix) =A in G. 
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11. (aa lv b'") {aPbafS) (aPboFb^'x) a x (a/Sa>) = — }A m G. 

For, (aa Iv b'") | <£'&,-<#'&„ j (apx)a x \ (a'"a Iv b'")b x -(ba lv b'")a*"\ 
= (aa lv b'"){a':'b p a x (a^x)-a^b a a x ( a ^x)\ \(a'"a Iv b'"jb x -(ba Iv b'")a x "\. 
(aa iv b"')a' < ['bpa x (a^x)(a"'a iv b"')b x =0 

and (aa IV &"')<"Vx(a^) (ba lv b"')a x '=0. 

But, — (aa lv b'")a' fi "b a a x (apx) (a'"a 1Y b'")b x 
= -lb a a x (aPx)b x (a'"a lv b'") [ (aa IV &'")^"-(aa'"6"')4 v ] 
= — ib a a x (aPx)b x (a'"a Iv b'") [(aa Iv a'")^"+ (a IV 6'"a'")^] 

=i(aa'"a IV )(a'"a IV 6'")o,&a(a/3a;)Mr— K«"'« IV «&"T&««.«A( a fl? ) 
= —$A m G. Also (aa lv b'")a^b a a x (oL^x)(ba lv b'")a' x " 

=We'a x a' x "(a(3x) (ba lv b'") \ (aa Iv b'")b a — (aa iv fe)&;" j 

=Wa x a x "(a(3x) (ba lv b'") \ (abb'")a l J—(a lv b'"b)a a \ 

=ioi"oX'«"(a/9te) (6a Iv fc'") («&&'") +i(&a IV &'") 2 a «r«x^" («/?«) 

=i (a v a'ffl")(a'fl"i^)fl^ ) «i"aX"(al)fc'")=iD (Pxb'"b)a' p "a x a' x " (abb'") 

=iD\b^b x -b' x "b fi \a^a x a' x "(abb'") 

=$D (b'"b'b") (b'b"a'")b'^b x a x a' x "^D (bb'b") (b'b"a'")b Cb ,„ a) K'a x a' x " 

=t\DD' (a'"ab)a x a x "b x —?\DD' (a"'b"'a)a x "a x b' x "=0. 

12. (ba'"b IV ) (aPa/8) (aT(rF!i;)6,(a^) 

= (ba'"b") { aW-atf' j (3 (xa) J (aa'"6 IV ) &J" - (6"'a'"6 IV ) a, 1 6. 
=0-0- (ba'"b IV )a p b':'(a^x) (aa'"b iv )b' x "b x 

+ (ba'"b lv ) ai3 b':'(oLpx) (b"'a"'b lv )a x b x 
=—tbJb'."b';'(apx) (aa'"b IV ) \ (ba'"b lv )a B -(bab lv )a';'\ 

+la B (<xPx) (b'"a'"b lv )a x b x \ (ba'"b lv )b':'-(ba'"b'")b I J\ 
= —ib,K"b':'(aPx) (aa'"b lv ) \ (ba'"a)b™+ (a'"b Iv a)b \ 

+$a fi (aPx) (b'"a'"b lv )a x b x \ (bb'"b lv )a':'-(a'"b'"b lV )b a \ 
=0+0+0+$(a"'b"'b lv ) 2 a ll a x b x b a (*Px)=%A m G. 

13. a,,(PaP') W'x) a x (apx) =a p „ j Kb^-b^K \ \ b^b'J -b x b B '„ \ (fi'asa) a x 

=Q-a , l a x b' a K(b"b'"b lv )(b'"b lv xZ)b' l3 ', l 

—a p ,,a x {b'b'"b 1Y ) (b'"b Iv x^)b' r b':b' x ' +0 
= -i a^aXKD' (xaP") — i a^aJb'^K'D' (xap") = -%D'G. 

14. b pi ,((3a(3') (PP"x)b x (aP'x) = (bb v b vi ) (b v b yi x~p)b x (PaP') (a@'x) =0. 

15. a a ,(/?a/?') (pa'x)a x (*p'x) = (aa'"a iv ) (a'"a lv x(l)a x (Pa(3') (a/S'a) =0. 
16 
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16. M W) (P*'*)b.(aP'a>) =b a ,\b' a b';-b' e ,b':\\b' a ,K'~Kb':>\ (£'*<*)&. 

= 0_ (b"b'"b iy ) {b'"b lv M)b';,b'XbJba< 

-(b'b'''b IV )(b'''b Iv ^)K,KK%b al +0 = -iD'(x a a')b'J>Xb al 

—$D' (x aa ')b';b' x 'b x b a . = -%D'( a .a'x) b' a b a ,Kb x 
= _§Z)'(aX'— aX') KbJ) x K= — | D' (a'a'"a IV ) (a'"a Iv b)a{ a , lbt) a' x 'b x K 

+%D' (a"a'"a iy ) {a'"a iy b)a'{ b , a ,J) x a' x b' x =—iDD' (ba"b') b x b x a x 

+iDD'(bb'a')b x b' x a' x =0. 

17. (aa'"b) (/3a/?') (Pcirbx)a x (aP'x) 

= (aa'"b) (<*.p'x)a x \b' a b^-b' fi ,b':\W:'b li -a';'b x \ 

= (aa'"b) (a^)aj &;&X'^- & a 6 >r^-^ fe X''&^+^' & X'^l 

= (b"b'"b lv ) (&"'6 Iv ^)6' ( U a;"&X (aa'"b) 

- (b"b'"b IV ) (b'"b iv x^)b' ( ;„, bl) b x b' a a x (aa'"b) 
-(b'b"'b iy )(b"'b lv x^)b{ bm aTb':a x (aa'"b) 
+ (b'b'"b IV ) (b'"b lv xZ)b{ b ,, a „ b x b':a x (aa'"b) 

=ID' (bb'im) b' a a x a' x " ( aa'"b ) — i -D' ( a'"&'aa) b x b' a a x (aa'"b ) 

—$D'(b"b<m) Ka x a' x " (aa'"b) +%D'{b"a'"<m) b x b'Ja x (aa'"b) 

= -% D' \a' x "b' a -a':'b' x J b x b' a a x (aa'"b ) = -f D'W & x a x (aa'"b) 
+iD'a':'Kb x b' a a x (aa'"b) =%D'(a'"a'a") (a'a"b')a[ b ' a) b' x b x a x 

=%DD' (b'ba)b' x b x a x =Q. 

18. {bab v )((3aP')(Pab y x)b x {aP'x) 

= (bab v ) (^b v x)b x \b' a b';'-b' ,b':\\a' pl a' x '-a' x a';\ 

_ ( b »b>» h iv) (b'"b iy a')b'^ b , ) b' a a' x 'a x (bab v )b x 

- (b"b'"b iy ) (b'"b lv a') b'<; abt) b' a a' x 'bl(bab v ) b x , etc. 
=iD'(a'b y b')b'X'aJ>Abab v )-l s D(a'ab')b' a a' x 'b v b x (bab v ),ete. 
=iD'a' x 'a x b x (a'b v b')[(bab v )b' a --(bab')b v a ]-0, etc. 
=iD'a x a x b x (a'b y b')[(ab v b')b a —(bb v b')a a ], etc. 
=iDa' x 'a x b x (a'b y b') (ab v b')b a , etc. =iD'a' x 'a x b x a' a e b a , etc. 
= T VD'aA a A[ a *'°i8— aia/i'L etc. =-hD'a x b x a p b a (a.^x), etc. 
=&D'G+&DG+&D'G+&D'G=iD'G. 

Combining these results as in (3) we obtain G'. 
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TABLE II. 

System of al+kbl, (a/3a;) 2 . 

1. K =a\+kb\. 

2. F =(aPx)\ 

3. (L)' =al+2k(abuy+k 2 (3l. 

4. {L')' =* \3DA m ul+3D'A 112 ul-2DD'(ab U y\. 

5. (D)' =D+3kA m +3k 2 A m +k 8 D'. 

6. (D')'=&\9A U2 A m -DD'\DD'. 

7. <D' =iZ?L'+^ llt L+*jiZ)'L+ J 4 llt L'}. 

9. ^ 22 =4 S3Z>^ 2 +fl£'^i2+M3#'^ 12 +I>Z>'A 22 ) f . 

10. C 2 =j3D^ 122 C 2 +Z)Z)'C 8 +fc(32)'^ u A+^i>'C 2 )}. 

11. C 8 =(fD4 w «.— fZ)C,)+2*(iZ)2)'H.— -4 n ,0 1 +ii llt 4 ltI «.-^ la (7 I ) 

12. A' m =iDA m +2k{iDD'+A m A m ) +k 2 -$D'A m . 

13. C; =^[3DA m C i -2DD'C 1 +6k(DA m C a -D'A 112 C 1 ) 

—k* (3 D'A m Ci—2DD'C 6 ) ] . 

14. *» =^3ZM 122 F+2Z>Z)'^ 112 /-fZ) 2 Z)'<7 

+2k(3DA\ Zi g—DD'A m f—A lv J)D'g+3A\ n D'f+DD'F) 

+k 2 (3D'A m F+2DD'A 122 g-$DD' 2 f) }. 

15. CJ =*J2DD'^ 112 C 8 +§Z) 2 Z>'C 5 

+2A(3DMf 12 C 8 +2)D'^C 6 -32)^? 22 (7 6 -2)2>.'^ 122 C , 8 ) 

+fc 2 (-2Z)D'.4 122 (7 6 -f DD'*C 8 ) }. 

16. C; =|j3D^f 22 C 4 — 2DD'A m C 7 —DD'A m C i +%D 2 D'C 6 

+k(-3D'A\ 12 C i +2DD'A m C 6 +DD>A 122 C 1t -$DD'*C,) { . 

17. CJ =iDC7 4 +fc(il ul C 4 -2^ m C 7 +fDC 6 ) 

+fc 2 (-J[ m C7 4 +^ u A-fZ)'C 7 )+& 3 (-4D'C 4 ). 

18. C 8 =4] 3D^ 122 C 8 -f D 2 i)'C 1 +A;(6D^ 2 22 (7 1 -4DD'^ 112 (7 1 +2D7>'C 8 -3D^ i22 C 6 ) 

+fe 2 (-6i)'^? 12 C 1 +4i)Z)'^ 122 C , 1 -2Z)D'C 6 +3D'^ 112 C 8 ) 

+k a (i DD' i C 1 -3B'A U2 C 6 ) f. 

19. 0' =t{fZ) 2 i)'+fc(4Z)Z)'J 112 -6i)^ 2 22 ) 

+A 2 (6Z)'^ 2 12 -4Z)D'^ m )-f DD' 2 • fc 8 ^. 

20. P =f Jf Z> 2 Z>'+A;(4Z>2>'^ 112 — 6Z)^f 22 ) 

+F(6Z)'^ 12 — ±DD'A m )— %DD' 2 -k s \r. 
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§3. System op al + kbl, c\. 
TABLE III. 
(al+kbl , cl)\\ in terms of the system of Baker. 
<D" = (al+kbl, cl)Z=^+k^. 
C 1 = (a x +kb x , c x ) oo = ^' 12 +kC ii. 
Ai 22 = (^x+kbx t / y„)( )0 =A.i+kj4.2. 
C' % = (a x + kb x , y u ) o = Ca+ kC 22 . 
C'i = [al+2k(ab)l+k^l,c 2 Xl = C 23 + 2kM + ¥C 2i . 
A'm= [al+2k(ab)l+k 2 Pl, d]^ ) =A 3 +2kN+k z A i . 
C'i =lal+2k(ab)l+k*Pl,yl]%=C i2 +2k(0 1 -O z )+k*C a . 
F" = [at + 2k(ab)l+k*0l, yl\^=F 2 +2k(A l g-2P+A 2 f) +k*F 1 . 
C'i =[a%+2k(ab)l+k*pi,cl r l]? 1 =C &1 +2k(Q 1 -Q 2 )+k*Cto. 
C'i = (al+kbl, clyl)^=C 61 +kCe 2 . 
C'i =l(al+kbl)(al+2k(ab)l+k*pi),cl]<* 

= C 63 +k(2B 1 -S 1 J+20 s ) +k 2 (2B 2 -S 2 J+20 i ) +k 3 C 6i . 
C'i =[(al+kbl) ( a l+2k(ab)l+k'(3l), r l]ll 

=C S3 +k(2A 1 C 1 -2f8 i +3T l -T 2 -JU 1 ) 

+k*(-2A 2 C 1 +2gS 8 +3T 8 -T t --JU i ) +k 3 C u . 
G» =[(al+kbl) (zl+2k(ab)l+k*pi),cl Y lY» 

=G 1 +k[2A 1 V-2fW+X 1 \ +k*[-2A 2 V+2gW+X t ] +k*G 2 . 
T" =[(al+kbl) (al+2k(ab)l+k*ff),clyl]? 

=r 2 +k[2A 1 Y+S 1 L"-2S a <P 2 +Z 1 ] +k*[-2A 2 Y-S 2 L"+2S& 1 +Z % ] +k% . 



